Introduction
The study of quantum information theory is motivated by several stunning phenomena, such as entanglement and superposition, that give rise to some promising applications. Quantum computation -if physically realised for a high number of quantum bits -would provide much faster algorithms than the best known classical ones in some areas, and more secure communication is also possible with quantum cryptography as some protocols can detect the eavesdroppers of the channel. Complementarity and mutually unbiased bases appear naturally in quantum information theory, especially in quantum tomography.
Quantum tomography is a process of state determination. The nature of quantum measurements is stochastic: in the general case from a single measurement one can not receive perfect information on any of the parameters, so repeated measurements are needed. Also, since measurements destroy the information, one has to perform measurements on identically prepared Actually a plethora of objects are conjectured to be related to the existence of mutually unbiased bases. For example orthogonal latin squares, finite planes and Galois fields are all related somehow, however this relation is only clear in the way that these objects, when they exist, can be used in generating mutually unbiased bases, and some of the more trivial conjectured connections are already ruled out. The conjecture of the maximal number is also contrasted by the similar objects called symmetric informationally complete POVMs, whose existence are conjectured in every dimensions, and analytical constructions are given in several cases.
While solution to the existence problem of mutually unbiased bases seems very hard, an interesting generalization can be considered. Von Neumann measurements, or bases of a Hilbert space correspond to maximal abelian subalgebras of the matrix algebra acting on the Hilbert space, and mutually unbiased bases are equivalent to subalgebras whose traceless parts are orthogonal to each other with respect to the Hilbert-Schmidt scalar product of matrices. The same kind of orthogonality relationship can be studied also for other kind of subalgebras.
Namely, from the point of view of quantum information theory the interesting subalgebras are either the maximal abelian ones (corresponding to bases and von Neumann measurements as above) or factors (corresponding to a tensor product decomposition of the whole algebra, or equivalently a subsystem). A full set of pairwise mutually unbiased bases, when exists, correspond to a decomposition of the matrix algebra to a direct sum of the pairwise orthogonal traceless parts of maximal abelian subalgebras. It is natural to consider complementary decompositions in general, that is decomposition of the matrix algebra to factors and maximal abelian subalgebras with any two subalgebra orthogonal in the above sense.
While the physical meaining of such a decomposition is not exactly clear, there is a kind of mathematical elegance to it, and our point of view puts the problem of mutually unbiased bases into a wider perspective. The aim of this thesis is to examine this generalization of complementarity in detail.
The results of the author are contained in the papers [2, 5, 8, 10] , and [7] is a review of the topic. Some results not yet published is in [13] Complementarity Given a von Neumann measurement corresponding to the basis {|f i ⟩} i , by repeated measurement on a state ρ ∈ M d prepared newly every time between subsequent measurements, one can obtain a statistic on the parameters ⟨f i |ρ|f i ⟩, or in other words, the diagonal elements of the matrix ρ when written in the basis {|f i ⟩} i . This is only d−1 real parameters, while the complete state is described by d 2 − 1 real parameters. So to obtain all information, one must consider several measurements. Heuristically,
= d+1 measurements should be enough, when the measurements provide non-overlapping
information. But what is non-overlapping exactly?
The origin of the following definition can be traced back to Schwinger [12] . The first one to consider applications of mutually unbiased bases (abrreviated as MUBs) for state determination was Ivonovic [3] . It is quite natural to think, that the information gained by pairwise mutually unbiased measurements is not overlapping, that is if one wants to find the least possible number of von Neumann measurements providing full information of the state, one should look for a maximal set of pairwise mutually unbiased bases. Indeed, this heuristic can be made precise, and it turns out, that maximal sets of MUBs allow optimal state determination [15] . Unfortunately the existence of such a maximal set is not clear at all. In fact the following is conjectured.
Definition 1 Two orthonormal bases {|f

Conjecture 1 In C d there exists d + 1 pairwise mutually unbiased bases if and only if the d is a prime power.
While constructions in prime power cases are known [1] , proving that no maximal set exists in the other cases seems to be very hard, even the case d = 6 is yet to be solved. Some results on this topic are found in the papers [4, 14] .
A basis {|e i ⟩} i of the Hilbert space C d is equivalent to a maximal abelian subalgebra (abbreviated as MASA) A of the algebra M d of the matrices acting on the space, consisting of the matrices that are diagonal when written in the basis:
Unbiasedness than can be viewed also as a relation between MASAs. Parts of this theorem first appeared in the papers [11] and [6] , but only MASAs were considered. This generalization is from [2] and [8] . Since any subalgebra contains the identity matrix I, no two subalgebras can be completely orthogonal. In some sense complementarity is the orthogonality of subalgebras to the maximum possible extent.
Proposition 1 Let
The heuristic idea behind this generalization is that while complementarity of MASAs is a kind of orthogonality relation of the classical information obtainable of the state by von Neumann measurements, complementarity of subalgebras of M n ⊗ M n isomorphic to M n is the same kind of relation concerning the quantum information contained in a subsystem, or the quantum information obtainable from the reduced state. It is obvious for example, that von Neumann measurements of complementary subsystems must be complementary as well. Or one could consider a measurement scheme, where only one subsystem can be measured, so unitary transformations must be applied to the system to be able to achieve full state determination [2] .
We study complementary decompositions, that is a set of pairwise complementary subalgebras of M n each either a MASA or a factor, such that the linear span of the union of the subalgebras is the whole space.
Complementarity also generalizes in a natural way to POVMs. Consider
Assume, that we are only interested in the parameters of the state belonging to B, that is we want to reconstruct only the orthogonal projection of the unknown density to B. A conditional informationally complete POVM (IC-POVM) on B is defined as a POVM such that for any two states the measurement's probability distribution is the same if and only if the projection of the states to the subspace B is the same.
In the paper [10] Ruppert proves the following: 
for all i ̸ = j.
The condition F i ⊥ A is the same as the complementarity of the POVM operators to the space CI ⊕ A. Naturally one can work with the projections
Main results
Description of all complementary decompositions of
We prove that complementary subalgebras in M 2 ⊗M 2 has a special structure related to the commutant. A similar calculation has appeared in [9] , the assertion of this theorem was not concluded there, but only in our paper [5] . We provide constructions in all the possible cases.
The orthocomplement of 4 pairwise complementary factors in
We prove the following theorem [5] , which sheds some more light on why no complete decomposition to five complementary factors is possible. 
hold.
Constructions of complementary decompositions of M 2 n
Here we consider the problem of decomposing M 2 n to subalgebras isomorphic to either M 2 ⊗I or C ⊗I, where C is a MASA of M 2 ⊗M 2 (note, that this is not a MASA of the whole matrix algebra). We call a decomposition (f, m)-type, if it is a decomposition of the matrix algebra to f factors and m commutative subalgebras, where each subalgebra is generated by elementary tensors of the Pauli matrices. By dimension counting, we have
In our paper [5] , Ohno provided the following constructions:
and a decomposition of type (K(n) − 1, 1).
Our following theorems provide some new decompositions in the same spirit [13] . , except the case d = 3, k = 9.
Construction of conditional SIC-POVM in p k + 1 dimensions
We construct conditional SIC-POVMs of M n in the special case when the complementary subspace is isomorphic to a MASA, and n − 1 is a prime power [10] . 
Theorem 11
N ∑ i=1 P i = N n I, Tr P i P j = n − 1 n 2 (i ̸ = j).
